
 
Determinantsandinvet

In this section we give some properties of the

determinants of invertible matrices and then use

determinants to give a formula for the solution of
A I b when A is invertible without calculating A

Pw n If A and B are hxn matrices then

detfAB det A Det B

Notice that if A is invertible this tells us that

def A det A Det I l

So det A to and detCA Nta

Conversely if A is a matrix and defA 1 0 we can take

It to its RRE form R via elem operations

R Entrei EZEA

so detR deter detEzdetEdetA
Ix

O 0

So detR 1 0 which means it doesn't have a row of zeros

go R I A EkEk Ei so A is invertible
We've thus proven the following



theorem A is invertible if and only if detA 10

1
Ex If A To g for which values of c is A

c

invertible i e When is def At 0

Taking Rz 3cR we get
i

atdet A I o l 2
za

l f I.ge lt3c 2 6c lt3ctl2c

ltl5csodetA0 when It 15C O i e When C 4g

Thus A is invertible when Ct

Them detAT detA

Def A square matrix is orthogonal if A AT

what can we say about the determinant oforthogonal
Matri es If A is orthogonal then

I AA AAT

so I det I Det AAT det A det AT det A 2



so def A It

Adjugates
For a 2 2 matrix A bd we definedthe adjugate to
be adjCA Ide ba

For an h xn matrix There is a simple description of the

adjugate First define the cofaciatrix of A to bekijAD
i e the Li j entry is the corresponding cofactor

Def The adjugale of A is the transpose of the cofactor

matrix That is

adj A Gj A It

Ex If A
Ig I the cofactor matrix is

i il l L I
Iii

ii
ti

so the adjugate is adj A Y



Just like in the 2 2 case we can use the adjugate to
find the inverse

Adjugate Formula If A is a square matrix then

A adjA detA I

Thus if detA 10 the inverse of A is

A at adjA

TdgtingDo NITuse this formula to commpute The inverse
This formula is for theoretical purposesonly

We can also use it to compute a singleentry of the inverse
of a matrix

Ex If A I Ig what is the 3,2 entry

of A

y t 11 t Il
detA Ig g.gg

l
zyg

126 22

column 3 f
104

cofactor
5 column1 expansion

along row 2
The 3,2 entry of A will be the 2,3 entry of
the cofactor matrix divided by detA



So the 3,2 entry is

as A f if I Il f 8 141
YET

Cramev'stRule

The adjugate formula has an application to linear equations

Specifically recall that if A is an invertible matrix
then a system of equations

A I L

has unique solution I A b Applying the

adjugate formula this becomes

I adjA b

Multiplying this out we obtain Cramer's Rule see book

for details of how to derive this

Cram Ru6 If A is an nxn invertible matrix the

solution to the system AT D is

x death xi dfetn.AZ Xu dentAAI

where for each k Ar is the matrix obtained from A boy



replacing columnk with b

ex it H
det A 4 If 4 so A is invertible

detA I 3 If 3

T
f expansionalong
b now 3

detAz z If 3 2 21 57

a
expansionalongCol 2

detAs too 3 3 s 9

9
expansion
along now 2

So X X z
5

X 3 41

Note Cramer's rule is het a good way to solvesystems of

equations Just like with the adjugate formula it is only
useful in theoretical applications



Application Polynomial interpolation

If we have several data points how do we fit a

polynomial to the data

Ex We are giventhe following stock price data

Date
t.es f

kice

Apr I 4

July I 6

We want to estimate the price of the stock on

August1by finding a best fit quadratic polynomial

p x ro t t X t 4 2

Where x month of the year p x price on the first
of that month

Our 3 data points are p 2 L p 4 4 p t _6

ro t 2 t t 4h I
ro t t r t 16 vz 4
ro t tr t 49 2 6

This is three linear equations in 3 variables so we can



ma

y if L
iii iilitt l H L

iii iii it it
So p x log f x Gtx

So an estimate for August1 is p 8 E 8 tf 82 6

Note An u degree polynomial has htt coefficients so

if we have h.tl distinct data points we can use this

same method to try to find a degree h polynomial fit to

the data It turns out there is always a unique
polynomial that works calledthe interpolatingomial
That is

theorem If u are distinct numbers

mail iii o



This is called a Vandrmonde dlerminant

It has a formula given by

det f jI Cai ah

Prelims 3.2 Ibc 2ade 3 Gb 8C t b 22b


